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Relations between the Pseudo-Integral and
Some Pseudo-Type Integral Transforms Based
on Special Pseudo-Operations

Dhurata Valera

Abstract—The generalization of the pseudo-integration type
transform and the pseudo-exhange formula are proved in the specials
cases of the semirings (G,®,©), based on the special generated (&,
©,®)-operators. Many results give the properties of the pseudo-
integration type transform and inverse of the pseudo-integration type
transform ( Pseudo-Laplase Transform, Pseudo-Fourier Transform ),
also the relations with the pseudo-integral and the classical transform.
The results can be applied in dynamical programming and some
differential equations.
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|. PRELIMINARY NOTIONS

HE binary operations {&5.()) ( pseudo-addition, pseudo-
multiplication) are respectively [1], [2], [7], [9] the
functions

@ : [0, +00] x [0, +22] — [0, +c2] and

@: [0, +e0] % [0, +00] [0, +00]
with following axioms that fulfill [8], [15], [16], [18], [20],
[25], [26], [27], [28]:

@D (A.1+A.8) (Commutative; Associative; Monotonitive;
Continuitive; With a neutral element denote O ; Arkimedian
property; Finiteness axiom; Properties respect to ordinary
operations (+, - )(Or. A., Or. M.)).

(2(A.1+A. 8) (Right distributive over &&: Positively non-
decreasing; Pseudo-multiplication with 0; There exist a left
unit e, (denote e =1 J): Continuity; Commutative;
Associative; Left distributive over 3.

Let a generator g: [—oo, +o0] — [—oo, +o0] be a (CSI)
continuous, strictly increaing function of the pseudo-
addition &5 on interval [—e2, +c2] such that
g0} =0g. g1} =1,. g(+m) = += or an odd extension
of a given generator g from [U, + DC] to [—oo, +o2]).

The operations of pseudo-substraction and pseudo- division
were introduced by Mesiar and Rybdrik [8], [23], [25].
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Definition 1.1 Let a function g be a generator of a pseudo-
addition & on the interval [—o2, +o2].  Binary operation &
and @ on [—t2, +c2] defined by the formulas:
x0y=g (g - gW). x@y=g (g&x)/ g»)
(if the expressions (g(x) — g(y)) and (g(x)/ g(¥)) have
sense) is said to be pseudo-substraction and pseudo-division
consistent with the pseudo-addition & [2], [5], [6], [7]. 8],
[13], [14], [15], [17], [19].

Than the sistem of pseudo-arithmetical operations
{&,5.5,@} generated by this function gis said to be a
consistent sistem [8].

So for x.,¥ € [—e9, 4] and
[—ee. +o2] we put [36]:

-1 -1
Gy =g (ged)xy)=g (g&=)+ 500
O (ny) =g (g°0)xy)) = g *(g(x) - g¥))
eky=g ‘i{(g 0)xy) =g "0 - g0)
@y =g ((g=@)xy)) =g (g(x)/ g
(With some valued undefined [36]).

The structure (G &, 7 is called a semiring
(Gel-m+wm]: 6 =6,.6 =G orG =G} ) [1], [2], [3],
[5], [9], [10], [15], [21], [22], [24], [27], [29].

We will consider the wvery special semirings with:
GE {[UJ +E'C]_, [U_.l]_. [1.1 +E'C]_, [ﬂ-_. IEJ].I [—DC_, +CC]} and the
continuous pseudo-operations (&8.3) [4], [9], [12] , [15].
Class 1. (SMR, — G,"¥"®)), (6,.®, @),

& —ID, idempotent. () —NID, nonidempotent
e { max, sup; min, inf},

(= (+) Or. A. (ordinary addition).

Class 2. (SMR; — G, =), (G2 .. @),

& —C51, strict;

() —C5I, =strict.

g — C5IL, Continuous and strictly increasing generator,
Class 3. (SMR; — 6,59y (6.8, @),

& —ID, idempotent; e { max, min},

() —ID, idempotent, (O { max, min}.

letg be a generator on

Il. (. ©)-TRANSFORM ON A SEMIRING

o (B, @)- Fourier transform
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Let (SMR — G'=%)), (SMR, — 6,'®'®), (G &. @) be
& =[0,1] a semiring, where the pseudo-operators (. &) are
given by generating function g:[0.1] —= [—o2, +02]. Any
function f: R — [0.1] can be split into two parts with respect
to & [4], [10], [11], [14], [29]:

fa@ =) =(g@ e f-0) &
& (g e el o fi—x))

fa @) = f&) =B (E g6 )0 g, ) (%)) =
=Eg e &) B0 gq &

Eg o @ =00 @) @ f(-xD) =
= g @ e[ E) B f(—x))

and
0 a0 @) =002 FE) & f(—x))) =
=g (2 )e(f(x) & f(-x).

Note: The functions E & z,and g = E 2 s, are even

functions and the function @, -, is an even function.
Definition 2.1. The Pseudo-Fourier cosine transform :F'EE )

on the semiring (SMR — [0.1]"¥®1), of a real measurable
function f: & — [0,1] is:

FEOF) 1) =
1 |EG‘|
=g (:] © f g™ " (cos(ax) @ Eg, @) (x)dx
S

v 2w ]
for every number & ( [4], [9], [11] if the right side exist).

FEOF) @) =
=) {3—1 ({L_)J Jﬂ'_:.:z g~ ! (cos(ax) Egm (x) d.r)

Definition 2.2. The Pseudo-Fourier sine transform :F"EE ® on

the semiring (SMR — [0,1]"%%)) of a real measurable
function f: R — [0.1] is:

FEOUF ) =
= E_l (_‘-:]:—_,) @ l_u:\_:lz g -1 I:Slﬂliﬂx:] l:_':] GIE @ 'f,r] d-r
for every real number & (if the right side exist).

FEOF()](a) =
1 8.
= (5—1 (,—_:I ,J‘ g7t (sinfex) @ 0, e {I:]d.r].
yI e

42 [—==t==]

Integrals on the transforms are (&, &¥)-integrals based on the
(SMRy — G, "%y = (MR, — [0.1]5,"®®"), s0 the

IE &1

Frg and

pseudo-Fourier cosine( Furie, g — F'E “\'] =

|E @)

sine transform (Furie, g — F'EE ®h= Fsg
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By the g —integrals pseudo-Fourier transform give us the
following forms for two types:

(Furie,g — F,5 %) = FI2 D [f(x)](a) =

|uu‘|

=gt ({L__') O [ o 87 (B g o (®))cos(ax)dx.

(Furie,g — :F"E S m‘[f{.ﬂ]{ﬂ] =

_.J—nl

1 |'\_r

=5 (=)0 5 Op e @)sinEx
Vim [—==.+==: T

The pseudo-Frourier transform F'& %! of some real

measurable function is expressed in terms of F'E “ and

FS'EE“\', as in the classical case [4], [9], [11], [14].

Definition 2.3 The Pseudo-Fourier transform F'& 2}  hased
on the semiring
(SMR; — G, 5™y = (SMR, — [0,1]5," %)
of a real measurable function f:R — [0.1], for every real
number e, is:
(Furie, g — F®9))(f — RMF) =

= (Furie,g — F.= “)(f — RMF) —

—i(Furie, g — FL= ) (f — RMF),

or briefly
FEO@ = FEO W) — iF2 O 16 1),

e The basic properties of this
{(Furie, g — F ' %) _type transform

1. For real measurement function f. h: B — [0,1] |
(f.h — RMF and a and b some real parameters, then for

(Furie, g — F "5 %) _type transform we obtain [4], [9], [11]
the pseudo-linearity property:

%I:E' Noel=0 ((Lﬂ, {:F":E' = [f]}) =
=o(@.(F5 1) -1 (0 (@. = 1))
%{E. P (f.h)] =
=& ((F2 5. (72 1)) -
> (@ (= @1). (72 m)))

FE O @ h)@ =
= (A2 2r@IW) @ (F2 O h)1@)) -

_:_ ((Fslf' D[ £(x)] () ) o (Fs'f' ()] () ))

2. For real measurement function f : B — [0,1], (f — RMEF)
and b some real parameters [4], [9], [11], [14] then for
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(Furie, g — F ¥ %)) _ type transform we obtain the pseudo-
shift property:

(Furie,g — F/¥®)(f — RMBF) =
= Fc'f' Mex — B)la) =
= (g (cosba) © FEV[f)l(@) ) ©
& (g7 Ginba) © FE O [£(x)]())

(Furie, g — F, ¥ ®)(f — RMBF)) =
= FE OG- () =
= (g7 (cosba) © FE V5 (x)l(@) ) ©
S (g Ginba) © FL2 D f(x)1()).

3. For real measurement function f: B — [0,1] | (f — RMBF)
(f — real mearurable and bounded is in sence that
lim,_ .. fx) = 0 with respect to some pseudo-metric based

on generator g) , then for (Furie,g — F &%) _type
transform we obtain the pseudo-derivative and pseudo-
convolution:

o dE P

o %] (@) = g7 @ F P F)l(a) =
=0 ({3"'{&]}', (Fc'f' & [f{x]]'ir:t])]

o dE R

s %{ﬂ] (@ = g7 @ FE P F)l () =

=0 (s @). (A2 Ol 01@))

&=

where
dx

[14].

is pseudo-derivative by [ 2], [9], [10], [11], [13],

Theorem 2.4 The Pseudo-Fourier transform
(Furie,g — F'¥-®)(f,h — RMF)} based on the semiring
(SMR, — G, ")) = (SMR, — [0.1]3,"%'®"), of real
measurable function f.h: R — [0,1], for every real number
@, is
(Furie,g — F = ) (f.h— RMF) = g~ *(VIn) ©

o) (I::T,;'f' elfalo! Tc'f' E”-_‘I[h]:] a (Ts'f' D] @Tg'f' E-:n[h]\]‘]

(Furie,g — Fr =) (f.h— RMF) = g~ (v2n) ©
® ((fc‘f- D10 FEMm) o (S 0 22 Om) |

e Inverse pseudo-Fourier Transform

The inverse pseudo-Fourier Transform show that the transform

from (Furie, g — F " (f, h — RMF) can be back to
functions by inverse transformation:

http://dx.doi.org/10.15242/ |JCCIE.E0314215
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1 [EE) :
— g f(He ™ dt =
w 4T : 4

1 (800

ST [ = =] ge

Fla) = Flgo fl(a) =
= #(Jﬂ[liﬁi- 9o E g o () cosatdt —i
0 g, g (t)sinatdt ] =

= go FEOf()]@ — i g o F2 DI (@)
where F is the classical Fourier transform.

Both Fie @ [7 ()] (@) and g = Fie @ [f ()] (@) are odd.

[ T ) @ dmy () =

[— ==t =]
1 i toy]
—Jo |
*v'Eﬂ.'] [— ==+ =]

-

and

[ T @ @ d6) =

[— =4 =]

(V%] o [[ ipm © do.

In analogy with classical analysis is obtain the inverse
transform on following form:

[ &)
(7

FER Y
| =i

i

a———

}‘1 [F;EE- @) [f]] x) =
3

g eos tx) @ dm_z.= () &
to

X o))

& g tsintx) © dm (e o 3(8) =
=g

[- = +=c]
_ T,;'f' E-j}'l [Fc':f' @) [f]] )& {:FSEJE. E-j}'l [:Fsuf.@:- [f]] (x) =
=Eg @ (x) B 0 g, a; (x).

Lemma 25 If g= f € L* then FQ'ZEE' el [f] is continuous.

Lemma 2.6 Let be ky (x) = J’['D:fﬁ cos (£x)d(t) and

(F@a)) = g7 ([0 g o Flx — WhGIA()).
If go f € L*then o

(f@n ]{x:] = (J‘[D . g—l{cus tx) @ dm;':;f_ = (E)

o

Theorem 2.7 If g=f € L*and g oFc'f' Bfalelt,
g°Fiy P If(x)] € L* then

fime O @ B )G) = (E©@)

Je
)

J‘ g (sin tx) @ dm_=.= ()
[0 4] s

B lf]] ) = £,

: ,'_'F':EE' 2]

nearly everywhere and (Fg (& E‘-) -

[f]] is continuous.
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- —_ -1 .
Proof. Theorema 2.10 The inverse (,e:'-EE- ¢'3') of the pseudo-linear

limy,.(f @ by )(x) = lim (( [ g7 (cos ) © transform is [2], [4], [9], [12].[14], [29] on the form:

(=) [c@o(f](n) 6 =

dm_e.o) m]&: (J’[';I g7 (sin ) O dm_ie o, r:r:n)) |
o fra = max,.; [3—1 (gxx (3 a {LI_E. 1 [f] {zj}) (x) ]] =

=8 ( () [r2 1] ). (752 °) [ 111]) ) = = g7t (maxyeo [ (5 - (L= 2 [f1=)) (0)])

=0 (E(g,0) ). 0 (2,00 @) = ({L'E- @)™ [L"EE- ®] [f]] {zjjl (x) =

=E 5.0 (@) B 0g,¢ ) = fa &) = F(x). —m'nx:,:.[ ( (go{L'EE A2 ){x]:l]=
e (. @)-Laplas transform =g (m ﬂpn[ B= (g (£ e [f]() ){x]])

Definition 2.8 Pseudo- integral transform £ % 7 of a real ({L'E @) [J:'EE @) [f]] {zj] (x) =

measurable function based on the semiring

(SMR; — G, "™y = (SMR, — [0.1];,"%'®), of areal
measurable function f : B — [0,1], for every [4], [13] real
number e, is

maxses [ 4 (* (5 = (€®@A) )] =
g7t (max ey [+ (g - (£®@1A@)) ]

(Laplase, g — LSS (f — RMF) = J‘I.E'Ejg(x, —2) @ dmy {1(]'[5 ©®) [L'EE DAl @) &) =
¢ —mnp,_[ (xx{g o (L= [fl(z) ){.ﬂ:l] =
= g7t (mine, [+* (g = (22 [)) 0)])

(Laplase, g — L'¥ ©1) js pseudo-linear:

LEDef) @ bon]=

— LEE) B L E B[R] = o .
_£%}{GGL.:¢-[.JFE]-:- E?]}E{}EJE}L'E[E'} 7] }) Theorem 2.11 If L¥-=1[f] is a pseudo-Laplase transform on
J (SMR — G'S®) = (SMR — [0, +00] ™% ]} then exist the

where inverse of pseudo-Laplase transform in the following form

LEf @) = (L=2A@)OUEEPEE@) = [)[2) (4] [9], [10], [12].[14], [29]

- o((c®o1p). (ce®m@))
({ ) ( z )] f'::r] — ({L[E. E‘j}_l I:L':E- ] [f]] {z]){:ﬂ =

£®9)  [(a0L®2[f(@) & (oL &S hE)] = o
{ ) e =@ {faé}zﬁ,(a%m ) = infyzo[xz + (L= D [f(z)) (x)]

= (co (e e=on@)) 0 f) =mare(h @ fr ® @ £ =
& (a0 ((c®®)  c@o ()
) is

o=+

1 =maxz{fi(xy) Ofplx) @..0@f(x,)}=
i.e., the inverse of the pseudo-linear transform (L'EE &
also_ p_se_udo linear. _ o gmﬂx.ﬂ;'@ IACD)
Definition 2.9 For the pseudo-linear transform L= E[F] we
nave briefly £ = (e[ oo pe)]|e)m =
LEOAE) = mineo[ 97 (e g2 )] = [ (% e

= g~ (min, . le™* (g o FI(x)]) = Mmingyg |¥2 + ( L0689 [f]{zj) 'i-ﬂ]-
=1

LED[f](x) = maxyo| g7 (e~ (g = £)))] =
= g~ tmax ., le™* (g = £ (x)])

I11.  APPLYING THE INVERSE OF THE PSEUDO-INTEGRAL
Fas:2c)! [f]{x] — miﬂxai[ g—i{x—x{g o f:]{:r:l }] — TRANSFORM

= g timin, ., [x (g o F1(x)])
g7 bminess[x(g = () Letbe Ulxyxp.x,) = fi (x,) Of () @ O F, (x,) =

(80 [f]{-‘r:] = max . [ —l{x—x(g Df:]'::f:] }] — = GF:lﬁ{x[:] and
Y imar, g D), fD=f @ f 8.8 £ =8l ()
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where & is the pseudo-convolution [1], [2], [4].[9], [10], [12],
[14], [23]. [29].
We have by the pseudo-transform the formula:

LEDAD=LFY[L®L@.0/K)NE==

= O, L& [£](2).
Applying the inverse of the pseudo-integral transform, we
obtain the formal solution:

Flx) = (({LEE. E-j}_l [LIZEE. ) [f]]{z]) {,r]] =
= (e o) [or £ =20 @)]) @ =
((cemex @) [0, c@@fl@)]) 0.
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