
 

 

 

Abstract—Coupled oscillator networks are often used as models 

for complicated systems that consist of interacting component. 

Coupled oscillators may contain identical or non identical oscillators, 

however it is generally assumed that oscillators are identical. Control 

and stabilization aspects of such networks are prominently explored 

since long. When nonlinear dynamical oscillators are coupled via 

conjugate variable, an important phenomenon named amplitude 

death arises. Oscillations of entire system stop as a result of 

interaction and converge to a fixed point. This paper, addresses the 

occurrence of amplitude death phenomenon in conjugate coupled 

identical chaotic oscillators. It is assumed that chaotic oscillators are 

arranged in topological networks like mesh topology, ring topology 

and star topology. The phenomenon of amplitude death is observed 

in these topological networks and is highlighted in terms of certain 

conditions on coupling strength. Results are illustrated by taking 

networks of chaotic Rossler oscillators as example 

 

Keywords---Conjugate coupling, Amplitude death, Topological 

network,  Fixed point  

I. INTRODUCTION 

N pursuit of chaos control, many methods and techniques 

like open loop strategies, parameter dependent approaches, 

feedback control and adaptive control work remarkably well 

up to a point. However, there are still many problems that 

need to be considered. For instance, the parameter variation 

control method is out of question when none of the system 

parameters is accessible. Similarly the feedback control and 

open loop control methods may not be feasible when an 

explicit, credible mathematical model cannot be constructed 

due to extreme complexity of physical system to be 

controlled. Control of chaotic oscillations and stabilization of 

unstable dynamics have always been an area of great interest 

for researchers due to its wide applications in many areas. 

Irregular oscillations can be undesirable in physical systems. 

Suppressing irregular oscillations can be useful for various 

physical systems. When two or more dynamical systems are 
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coupled by some signal the system may synchronize under 

some conditions [1]. There are various schemes for control 

and synchronization of different chaotic systems which have 

been explored by various researchers since long such as back-

stepping design technique [2], contraction theory based 

approach [3], observer based design [4] and control schemes 

via feedback linearization etc [5], which are primarily used 

for synchronization. In majority of synchronization schemes, 

diffusively coupled complex networks are considered. As far 

as phenomenon of amplitude death is concerned, the concept 

has been discussed widely in [6-10]. A lot of work has been 

reported on amplitude death in literature and it is a subject of 

great interest for research due to its wide applications in 

variety of fields like stabilization of DC grids [11], and in 

chemical systems etc [12] [13]. 

Coupled nonlinear oscillators exhibit different phenomenon 

in both theoretical and experimental studies depending on 

manner in which they interact. Coupling may be diffusive or 

conjugate in nature. Conjugate coupled chaotic oscillators 

show a novel phenomenon named amplitude death. It is 

defined as process of complete suppression of oscillations. 

Oscillations may be irregular or periodic and as a result of 

interaction the whole system will converge to fixed points 

depending on coupling type and variation of system 

parameters.  These points may be the fixed points of 

uncoupled system or the new fixed points which are generated 

by coupling.  Coupled system either converges to fixed points 

of uncoupled system known as Hop-bifurcation or may 

converge to new fixed point which is the fixed point of 

coupled systems known as saddle node bifurcation that 

eradicates the periodic orbit leading to decay of oscillations. 

There are number of coupling schemes except conjugate 

coupling like dynamic coupling [14], time delay interaction 

[15] and indirect coupling [16], mean field diffusion [17] and 

environmental coupling [18] which lead to the amplitude 

death.  

  The early work in this direction was mainly concerned with 

amplitude death in two conjugate coupled oscillators by 

exploring the spectrum of largest Lyapunov exponent with the 

variation in coupling parameter. Later, analytical conditions in 

terms of N number of local or global conjugate coupled 

systems with coupling constant were proposed in [19] to 
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theoretically determine the conditions for amplitude death. 

The increasing interest in amplitude death phenomenon has 

led many researchers to consider amplitude death in large 

networks of coupled system with different coupling 

configurations. The work presented in this paper, considers 

topological networks like mesh network, ring network and 

star network for which phenomenon of amplitude death is 

explored and analytical formulations for these networks is 

also derived on the basis of exploring spectrum of largest 

Lyapunov exponent while varying coupling strength. Results 

are appropriately shown for these networks of chaotic Rossler 

system to justify the onset of amplitude death. Mesh, ring and 

star networks are discussed in section III, section IV & 

section V along with analytical results. Section VI concludes 

the paper with discussion and summary of results. 

II.  SYSTEM DYNAMICS  

 For the purpose of investigation of amplitude death 

phenomenon, chaotic Rossler systems based network is 

considered. The dynamics of Rossler oscillator is described 

as: 



 

x -y-z

y x ay

z b z x c



 

  

       

Where a, b and c are system parameters.  It shows 

oscillatory nature for a wide range of values of parameters a, b 

and c with a=0.2 ,b=0.2 and c=5.7 , this system exhibits chaotic 

behaviour. Fig.1 shows the phase portrait of Rossler attractor in 

3 dimensions for initial conditions as [0.1 -0.1 0.1]. 

 

Fig. 1 Phase portrait of Rossler attractor. 

III.  CONJUGATE COUPLED MESH TOPOLOGICAL NETWORK 

In mesh topology, every system has dedicated point to 

point link with every system. For K number of systems, there 

are (K-1), input/output ports that are to be connected to (K-1) 

systems. The traffic problems are reduced to large extent due 

to dedicated links. There is an advantage of privacy or 

security also as every message travels along a dedicated line 

and only the intended recipient could see it. Let us consider a 

general configuration of mesh connected conjugate coupled 

network described as: 

 i i

'

i i jX = F X  G (X  , X  )          (2) 

where coupling term is given as: 

K
' '

i j j i

j 1, j  i

G(X  ,X ) (X (K 1)X )
 

        (3) 

For i=1,2…,K and Fi(Xi) is dynamics of uncoupled ith 

dynamical system, G is coupling function, Xi is vector of 

dynamical variables (Xi = xi, yi, zi) corresponding to ith 

dynamical system, superscript ( ' ) is used to indicate 

conjugate coupled variable and it is assumed that >0. Let us 

consider z variable for coupling within mesh connected 

network. The system dynamics of conjugate coupled mesh 

network with four Rossler systems is described as: 

 

4

i i i j i

j = 1
j  i

i i i

i i i

x =- y - z + z -3x

y =x + ay

z =b+ z x -c



 
 
 
 
 



         

Where i=1,2…,4. Here system parameters are a=0.2, b=0.2 

& c=5.0. This type of network topology is common in 

regional telephone offices that need to be connected to  

every regional office. Typical mesh topology for a network of 

four systems is shown in Fig. 2. Linear stability analysis of 

mesh system described in Eq. (4) about fixed point origin 

leads to following characteristics equation [19] : 

3 2(4.8 3 ) 14.4 (5 3 ) 0            

Which is independent of time and depends on coupling 

strength . Here,  indicates eigenvalues of coupled system. 

System is asymptotically stable if all the eigenvalues of the 

system have negative real part. So by applying Routh-Hurwitz 

criterion for the mesh network approximate range of coupling 

strength  to which amplitude death occurs comes out as

0.0667 <1.66 . As we can see from Fig. 3(a) that 

largest Lyapunov exponent becomes negative at = 0.6 and 

remains negative till =1.66, hence this region confirms the 

existence of amplitude death. Fig. 3(b) shows that variation in 

oscillations of state x of coupled systems that converge to 

fixed point origin which is the fixed point of uncoupled 

system. It shows that Hopf -bifurcation takes place that leads 

the behaviour to change from chaotic nature to amplitude 

death. At= 0.6, largest Lyapunov exponent becomes most 

negative. After  = 0.6, largest Lyapunov Exponent starts 

increasing again and the system tends towards its chaotic 

nature after> 1.66. Fig. 3(c) shows the average distance 

among trajectories at  = 0.6 which goes to zero after t=10 

sec. It clearly confirms the occurrence of amplitude death. 

Here, only the variation of x states is shown, similar results 

follow for variation for y and z states.  Fig. 3(c) explains the 

amplitude death in other two states as well. Here, the average 

distance function is calculated as
K

2 2 2

i i i

i 1

1
d(t) x y z

K 

    where t is progression time 

period for coupled system. In the event of amplitude death, 
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d(t) converges to zero in case of Hopf-bifurcation or 

converges to  a constant value in case of saddle-node 

bifurcation. Fig. 3(d) explains the monotonic decrease in 

amplitude of state x, when coupling strength is taken as  = 

1.25. 

 

 

 

 

 

 

 
Fig. 2 Graphical representation of mesh topological 

network for K= 4 

. 

 

 

Fig. 3(a) Spectrum of largest Lyapunov exponent as a function of 

coupling strength , (b) Transient trajectories of the x components 

of mesh network as a function of time showing the occurrence of 

amplitude death at  =0.6, (c) Plot of average distance among the 

trajectories as a function of time, (d) Plot of x component of mesh 

network as a function of time at=1.25 which shows monotonic 

decrease in the amplitude. 

IV. CONJUGATE COUPLED RING TOPOLOGICAL NETWORK 

In ring topology, each system has a dedicated point to point 

connection with only two systems, i.e. one each on either side 

of it. The signal is passed along the ring in one direction from 

one system to other. The representative diagram showing five 

systems in ring topology is shown in Fig. 4. 

 

 

 

 

 

 

 

 

Fig. 4 Graphical representation of ring topological network for K=5. 

The generalized system equations for ring connected 

conjugate coupled network can be written as: 

 i i

'

i i jX = F X  G (X  , X  )           (6)  

 

'

j i'

i jG (X
(X X  ) for i = 1,2...K-1

 , X  ) = 
if, i = K, then j = mod(j, K)

 
 
  

       (7) 

where j=i+1, & i≠j. Fi(Xi) is dynamics of uncoupled system 

corresponding to ith dynamical system and it is assumed that

>0. Here, ring network consisting of five Rossler systems is 

analyzed and z variable is considered for coupling. The 

system dynamics of five conjugate coupled Rossler systems in 

ring configuration is given as: 

i i i j i

i i i

i i i

x  - y z   (z x )

y  x  a y

z  b + z (x c)

    

 

 

  

    
for i= 1,2…,5, j=i+1 & i≠j. System parameter are taken as 

a=0.2, b=0.2, c=5.7. Linear stability analysis of ring system 

described in (8) about fixed point origin gives the 

characteristic equation as [19]:

3 2(5.5 ) (5.5 1.14) (5.7 1.14 ) 0                (9) 

By applying Routh-Hurwitz criteria characteristic equation 

(9) gives the approximate range of  for which amplitude 

death occurs is 0.2< <5.7 . As we can see in Fig. 5(a) that 

largest Lyapunov exponent becomes negative at = 0.2 and 

remains negative till= 5.7, which confirms the occurrence 

of amplitude death. Fig. 5(b) shows that variation in 

oscillations of state x of coupled systems that converge to 

fixed point origin which is the fixed point of uncoupled 
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system. It shows Hopf- Bifurcation similar to previous case 

that leads the system from chaotic nature to amplitude death. 

At =1.75 largest Lyapunov exponent becomes most 

negative. After =1.75 largest Lyapunov exponent starts 

increasing again and system tends towards its chaotic nature 

after>5.7. Fig. 5(c) shows the average distance among 

trajectories at=1.75 which goes to zero after t=10 sec which 

confirms the occurrence of amplitude death. The discussion 

will remain same here for the variation of other two states. 

Fig. 5(c) shows the amplitude death in other two states which 

depict the variation of average distance between the 

trajectories. The basic difference in this case is that one can 

achieve the amplitude death for higher values of coupling 

strength for same settling time as compared to previous case. 

 

 

Fig. 5(a) Spectrum of largest Lyapunov exponent as a function of 

coupling strength   for ring connected conjugate coupled Rossler 

system, (b) Transient trajectories of the x components of  system in ring 

network as a function of time showing the occurrence of amplitude death 

at  = 1.75, (c) Plot of average distance among the trajectories as a 

function of time 

V.  CONJUGATE COUPLED STAR TOPOLOGICAL NETWORK 

 

 In star topology, each system has a dedicated point to point 

link only to central controller. The systems are not directly 

linked to other systems. The practical example for this 

topology is high speed LAN’s with a central hub. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6 Graphical representation of Star topological network for K=5. 

 

Let us consider a general configuration of star connected 

conjugate coupled networks described as: 

 i i

'

i i jX = F X  G (X  , X  )                 (10) 

                    

'

K i

' K 1
i j '

j K

j 1, j i

(X X ),  for i=[1,K-1]

(X ,X )
X ( 1)X , for i=K

G
K



 

 
 

   
 
 


        (11) 

  

for i= 1,2…,K and  Fi(Xi) is dynamics of uncoupled  ith  

dynamical system, G is coupling function ,  is coupling 

strength, Xi is dynamical variable (
i i, i, iX x y z ) 

corresponding to ith dynamical system with coupling strength

›0. The system dynamics of five conjugate coupled (K=5) 

star connected networks is described as follows: 

i i i 5 i

i i i

i i i

x  - y z   (z x )

y  x  a y

z  b + z (x c)

    

 

 

 for i= [1,4]     (12) 

  

5 5 5 1 2 3 4 5

5 5 5

5 5 5

x  - y z   (z z +z +z 4x )

y  x  a y

z  b + z (x c)

     

 

 

    (13) 

The system parameter are taken as a=0.2,b=0.2 and c=5.7. 

The linear stability analysis of star system described in (12) & 

(13) about fixed point origin gives the characteristics equation 

as [19]: 

3 2(5.5 ) (5.5 1.14) (5.7 1.14 ) 0                       (14) 

  which depends on coupling strength and eigenvalues of 

coupled system. So by applying Routh-Hurwitz criterion the 

approximate range of coupling strength  for which amplitude 

death occurs is 0.2 5.7   which is same as for the ring 

network but the variation in spectrum of largest Lyapunov 

exponent is  different for this case. The basic reason for the 

same range of amplitude death as previous case is the coupling 

with z variable because of which the basic mathematical 

structure remains same except for one system dynamics. When 
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the Jacobian matrix is formulated & corresponding the 

characteristics equation is obtained. The terms for z variable 

part becomes zero that’s why here, we get the same 

characteristics equation as for previous case. But if we couple 

it via y-variable, then different results are obtained. We can see 

from fig. 7(a) that largest Lyapunov exponent becomes 

negative at  =0.2 and remains negative till  =5.7. It confirms 

the occurrence of amplitude death. Fig. 7(b) shows that 

variation in oscillations of state x of coupled systems that 

converge to fixed point origin which is the fixed point of 

uncoupled system. It shows that Hopf- Bifurcation takes place 

that leads the system behaviour from chaotic nature to 

amplitude death. At=0.85 largest Lyapunov exponent 

becomes most negative.  After =0.85 largest Lyapunov 

Exponent starts increasing again and the system tends towards 

its chaotic nature after  ›0.85. Fig. 7(c) confirms the 

occurrence of amplitude death. It takes more time to converge 

as compare to previous case. 

 

 
 
Fig. 7(a) Spectrum of largest Lyapunov exponent as a function of 

coupling strength  for star connected conjugate coupled Rossler system, 

(b) Transient trajectories of the x components of star network as a 

function of time showing the occurrence of amplitude death at  = 0.85, 

(c)  Plot of average distance among the trajectories as a function of time. 

VI. CONCLUSION 

    In this paper, the phenomenon of amplitude death in 

topological networks like ring network, mesh network and 

star network for conjugate variable coupling is presented and 

corresponding bounds on coupling strength are established 

analytically. The results are verified numerically by 

considering Rossler oscillator based networks. Amplitude 

death can be essential and coveted feature in variety of fields. 

Although, there has been significantly great work on 

amplitude death but many challenges remain both at 

fundamental as well as application level. The study can also 

be extended for conjugate coupled systems with more 

complex topology. The methodology can be extended to 

address amplitude death in hyperchaotic systems with various 

coupling schemes like dynamic coupling, time delay coupling 

etc. 
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