
 

 

 

 

Abstract— In this paper, the lateral movement of a railway vehicle 

in a curve, where the tangential forces at the wheel–rail contact point 

balance the centrifugal force, is studied. In order to find the dynamic 

equilibrium configuration, the constraint equations and dynamic 

equation of the constrained mechanical system need to be defined with 

independent coordinates. QR decomposition is adopted as a method 

for coordinate partitioning to find the independent coordinates. The 

lateral movement of a wheelset on a curve in dynamic equilibrium 

configuration is calculated and verified against a simple kinematic 

calculation. 
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I. INTRODUCTION 

HE calculation of dynamic equilibrium configuration is not 

a common subject in multibody dynamics but it provides 

useful information in specific areas [1]. It is especially crucial 

for predicting and estimating the cornering behavior of a 

railway vehicle when the centrifugal force of the vehicle equals 

the tangential force acting on the wheel at equilibrium state. 

This cornering behavior affects the design of the conical profile 

of the wheel, the easiness of rolling in a curve, and the wear 

characteristics of the wheel and the rail. 

The dynamic analysis of a railway vehicle is a complex 

numerical process, because the contact forces between the 

wheel and the rail have to be calculated using complicated 

tribology theories and the dynamic analysis of a constrained 

mechanical system is not simple. Once an effective method to 

calculate the dynamic equilibrium configuration is available, it 

can be used to study the cornering behavior of the railway 

vehicle.  

In this study, the dynamic equations and constraint equations 

for a railway vehicle are suggested, and a method to find the 

dynamic equilibrium configuration is proposed based on the QR 

decomposition. The result is verified against calculations from a 

simple kinematic equation. 
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Fig. 1 Constrained mechanical system 

II. EQUATIONS OF DYNAMIC EQUILIBRIUM 

The constrained mechanical system shown in Fig. 1 can be 

defined by a constraint equation and a dynamic equation as 
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where M  is the inertia term, λ  is the Lagrange multiplier, 
q

C  

is the constraint Jacobian, P is the external force, and 
d

P is the 

quadratic term produced by the derivative of the constraint 

equation. In Eq. (2), the generalized coordinates for a body are 

defined by 3 translational displacements and 3 rotational 

displacements as 
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For numerical efficiency, the generalized coordinates can be 

divided into dependent and independent coordinates using the 

constraint equations. If we adopt the QR decomposition method 

for coordinate partitioning, the velocity of the generalized 

coordinates can be written as [3] 
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where z  is the independent velocity vector for the constrained 

dynamic system, b  is the time dependent constraint term, and 

1Q and 
2Q  are updated null space base vectors of the constraint 

Jacobian, obtained by QR decomposition at time t. 

Because the independent velocity is zero in the dynamic 

equilibrium state, Eq. (4) becomes 
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This means that the velocities of the generalized coordinates 

only have terms corresponding to the time dependent 

constraints. 

The time derivative of Eq. (4) gives the acceleration relations 

as 
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where a  is the quadratic term of the constraint acceleration 

equation defined as 
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Eq. (2), which uses generalized coordinates, can be rewritten 

using the independent velocity vector z  as 
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Because the independent acceleration is zero in the dynamic 

equilibrium state, we obtain the relation 
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Therefore, the equilibrium configuration of the constrained 

dynamic system can be found numerically using Eq. (9). 

 

 
Fig. 2 Constraint conditions between wheel and rail 

 
 

Fig. 3 Contact normal force and creep forces 

III. APPLICATION TO RAILWAY VEHICLE 

A railway vehicle is a good example of a constrained 

mechanical system. The principal difference between a railway 

vehicle and the general constrained dynamic system is the 

guidance provided by the track. The contact mechanism 

between the wheel and the rail on the track is slightly 

complicated. The constraint conditions for the wheel–rail 

contact shown in Fig. 2, where the contact points are coincident 

and the derivatives are the same, can be written as 
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The normal contact force 
nF  between the wheel and the rail 

is generally calculated using the Hertzian contact theory, and 

the translational forces 1 2

T
c cF F   , which are creep forces 

proportional to the creepage, i.e., the slip parameters of the 

contact point, are defined as 
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where ,x y   are creepage in the longitudinal and lateral 

direction, respectively. 

 The normal force and translational forces are the external 

forces on the wheelset as shown in Fig. 3. After defining these 

external forces on the wheelset, we can define the dynamic 

equation in the form of Eq. (2). Therefore, the equilibrium 

configuration of the wheelset can be obtained using the above 

constraint equations and the dynamic equation. 

The numerical process to find the equilibrium configuration 

is complicated, but the result is verified using a simple 

calculation. When the wheelset maneuvers the designated 

curved track as shown in Fig. 4, it moves laterally with balanced 

inertia force and wheel conicity. The lateral movement can be 

calculated using a simple kinematic approach as  
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Fig. 4 Lateral displacement at equilibrium state 
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where y  is the lateral movement of the wheelset center, 
0r is 

the nominal radius of wheel, a  is the half length of the rail 

gauge,   is the conicity of the wheel, and R  is the radius of the 

designated curve. Because the lateral movement calculated with 

Eq. (13) is based on a simple kinematic assumption, it is used 

for intuitive purposes only.  

In this paper, the lateral movement of the wheelset in 

equilibrium state is calculated for various curve radii. Fig. 4 

shows the calculated lateral displacement of the wheelset 

compared with the values obtained from Eq. (13).  

Because the lateral displacement from the kinematic 

calculation of Eq. (13) is inversely proportional to the radius R, 

it is very large for small radii as seen in Fig. 4. However, the 

lateral movement of the wheel is limited by the wheel flange, 

and we can see in Fig. 4 that it does not increase beyond 0.007 

mm. At large curve radii, the lateral movement is reduced 

because the wheel flange is not contact with the rail, and the 

trend is similar to the kinematic result. 

IV. CONCLUSION 

In this paper, a method to find the dynamic equilibrium 

configuration of a constrained mechanical system is proposed. 

The dynamic equilibrium equation with independent 

coordinates is derived using the QR decomposition method for 

coordinate partitioning. The method is applied to a railway 

vehicle to calculate the lateral equilibrium configuration when 

maneuvering a designated curve. The result is verified against a 

simple kinematic calculation. It is found that the lateral 

movement of the wheelset is limited by flange contact at small 

curve radii.  

ACKNOWLEDGMENT 

This research was supported by Basic Science Research 

Program through the National Research Foundation of Korea 

(NRF), funded by the Ministry of Education (No. 

2010-0022205). 

REFERENCES  

[1]  D. H. Choi, J. H. Park and H. H. Yoo, “Modal analysis of constrained 

multibody systems undergoing rotational motion,” Journal of Sound and 

Vibration, Vol. 280, 2005, pp. 63-76. 

http://dx.doi.org/10.1016/j.jsv.2003.12.011 

[2] J. S. Kang, “A three dimensional wheelset dynamic analysis considering 

wheel-rail two point contact,” Journal of the Korean Society for Railway, 

Vol.15, No.1, 2012, pp.1–8. 

http://dx.doi.org/10.7782/JKSR.2012.15.1.001 

[3] S. S. Kim and M. J. Vanderploeg, “QR decomposition for state space 

representation of constrained mechanical dynamic systems,” Journal of 

Mechanisms, Transmissions, and Automation in Design Transactions of 

the ASME, Vol.108, 1986, pp. 183–188. 

http://dx.doi.org/10.1115/1.3260800 

 

International Conference Data Mining, Civil and Mechanical Engineering (ICDMCME’2015) Feb. 1-2, 2015 Bali (Indonesia)

http://dx.doi.org/10.15242/IIE.E0215028 41

http://dx.doi.org/10.1016/j.jsv.2003.12.011
http://dx.doi.org/10.1016/j.jsv.2003.12.011
http://dx.doi.org/10.1016/j.jsv.2003.12.011
http://dx.doi.org/10.1016/j.jsv.2003.12.011
http://dx.doi.org/10.7782/JKSR.2012.15.1.001
http://dx.doi.org/10.7782/JKSR.2012.15.1.001
http://dx.doi.org/10.7782/JKSR.2012.15.1.001
http://dx.doi.org/10.7782/JKSR.2012.15.1.001
http://dx.doi.org/10.1115/1.3260800
http://dx.doi.org/10.1115/1.3260800
http://dx.doi.org/10.1115/1.3260800
http://dx.doi.org/10.1115/1.3260800
http://dx.doi.org/10.1115/1.3260800



